In this article, a vortex-induced vibration prediction model of a flexible riser conveying two-phase flow, including geometric and hydrodynamic nonlinearity, is established. A van der Pol wake oscillator is utilized to characterize the fluctuating lift forces. The finite element method is chosen to solve the coupled nonlinear fluid-structure interaction equations. The natural frequencies of the flexible riser are calculated to validate the method through comparisons with results from the literature. The modal analyses show that geometric nonlinearity has a significant effect on the natural frequency, and the critical internal velocity is reduced than those in linear analyses. The impacts of the gas volume fraction as functions of cross-flow velocity on the synchronization region, the displacement amplitudes, and the maximum stresses and frequency spectra have been investigated. The results show that an increase in the gas fraction results in the linear increase in natural frequencies and a wider synchronization region, and an increase in liquid flow rate led to the slight decrease in displacement amplitude and maximum stress within a small flow range.
Introduction
Offshore oil and gas exploration and production have attracted researcher's interest in the marine fluidconveying riser, such as transporting oil, natural gas, and other resources, due to the action of the severe ocean environment loads. One of the most important environmental loads coursed by vortex-induced vibration (VIV) present some intriguing nonlinear dynamic phenomena, such as lock-in, jumping, and chaos. However, these fluid-structure interaction (FSI) excitations have a significant effect on fatigue damage and reduction in lifetime of the flexible riser. Therefore, the VIV responses of the fluid-conveying riser need to be investigated, especially the pipe conveying two-phase flow.
The VIVs of elastically supported rigid cylinders and long flexible pipe have been investigated theoretically and experimentally in the last decade. [1] [2] [3] [4] The related reviews have been documented in the literature. [5] [6] [7] [8] [9] For rigid cylinders, some researchers examined the turbulent flow properties of a stationary cylinder 10 and VIV response of a motion cylinder. 3 Facchinetti et al. 11 presented a refined wake oscillator to describe the cross-flow (CF) of an elastically supported rigid cylinder and revealed that the acceleration coupling can qualitatively and quantitatively predict VIV. Moreover, geometric and hydrodynamic nonlinearity properties are very important to the accuracy of response amplitudes with a combination of both CF and in-line (IL). 12, 13 To calibrate the wake oscillator model, Postnikov et al. 14 proposed a new 2 degree-of-freedom wake oscillator model to represent the hydrodynamic force which is defined as being proportional to the square of the magnitude of the relative velocity between the CF velocity and cylinder.
For the VIV prediction models of flexible cylinders, some excitations of flexible fluid-conveying risers, such as pulsating fluid and base excitations, were discussed in the literature. [15] [16] [17] [18] Srinil 19 constructed a CF VIV prediction model for variable-tension vertical risers under linear shear current, and numerical predictions are good coincidence with some published experimental and computational results. However, these models ignored the effect of geometric and hydrodynamic nonlinearities.
Therefore, a three-dimensional (3D) VIV prediction model of a flexible pipe with geometric nonlinearity had been established and investigated. 20, 21 Based on the model, a 3D phenomenological VIV model of a long flexible pipe placed within uniform currents, including geometric and hydrodynamic nonlinearities, was constructed and analyzed by finite difference method (FDM), 22 and accurate prediction results were obtained by comparison with experimental data. 23 Recently, 3D VIV prediction models for a flexible riser under linearly sheared currents 24 and a marine viscoelastic riser subjected to uniform flow 25 were analyzed. It has to be mentioned that these studies payed little attention to the effect of internal fluid.
The flow-induced vibration (FIV) responses of pipe conveying internal flow only containing a kind of fluid have been well investigated by many researchers in the last few decades. [26] [27] [28] [29] [30] He et al. 31 adopted nonlinear hydrodynamic force to describe the CF VIV responses of a fluid-conveying pipe with a top-end excitation under uniform currents. Furthermore, nonlinear dynamics of the 3D VIV prediction model for a flexible fluid-conveying pipe were performed. 32 In addition, with respect to pipe conveying two-phase flow, Pettigrew and Taylor 33 reviewed the two-phase FIV mechanism and analyzed the effect of dynamic parameters. Monette and Pettigrew 34 presented a modified two-phase model and validated it with experimental data. Generalized integral transform (GITT) method was adopted to analyze the dynamic characteristics of a flexible riser conveying two-phase flow by An and Su. 35 Based on the method, Ma et al. 36 constructed a pipe transporting two-phase flow model using the Timoshenko beam theory. However, there are no research that focus on the VIV of pipe conveying twophase flow.
In this article, a VIV prediction model with a combination of both CF and axial (AX) motions for a flexible pipe transporting two-phase flow, including top tension and nonlinear hydrodynamic forces, is established in section ''Mathematical models.'' The validation of model and method are discussed in section ''Model validation.'' The frequency analyses and nonlinear dynamic responses are investigated in section ''Parametric investigations and discussions.'' In section ''Conclusion,'' some conclusions and suggestions are summarized.
Mathematical models

Vibration model of a fluid-conveying riser
In our research, it is assumed that a perfectly straight riser at its vertical static equilibrium under the effective weight is fully immersed in water. The flexible riser is placed in uniform currents aligned with the z direction, as shown in Figure 1 .
Following Meng et al., 37 the nonlinear partialdifferential equations of CF motions of a flexible pipe can be expressed as follows
where v and w are, respectively, the transverse and AX displacements of the pipe, T t represents top pre-tension, and P is the mean pressure per unit length of the flexible pipe. 
Nonlinear hydrodynamic force model
Following the literature, 14, 31 the CF hydrodynamic force applied on the riser, F f (z, t), can be expressed as a CF component of the total hydrodynamic force on the y direction, including drag forceF D and lift forceF L , as illustrated in Figure 2 . The drag force and lift force can be obtained as follows
where C D and C L represent mean drag coefficients and time-varying lift coefficients, respectively. The relative velocityŨ oR between CF and pipe is denoted as
Considering the relative velocities of the CF around the riser CF motion (U o À _ v), the projected CF hydrodynamic forces can be written as follows 18
The time-varying lift coefficients are expressed by the wake variables q(z, t) = 2C L =C L0 , 11 and the variation in q can be described as
where v s = 2pStU o =D represents the vortex-shedding angular frequency, the right side of equation denotes excitation term characterizing the influence of riser motion on the near wake related to the acceleration of riser, l is the van der Pol parameter, and P is the coupling empirical coefficient. In this article, the values of empirical parameters are C D = 1:2, C L0 = 0:3, P = 12, l = 0:3, and St = 0:2. 11 For single-phase flow, the dimensionless internal fluid velocity is defined as
to simplify description. 
Two-phase flow model in riser
It is noted that two-phase flow in vertical risers extensively existed in ocean engineering, and there are some flow regimes, for example, bubbly slug, annular, or churn flow. Furthermore, two-phase flow mixed gas and liquid widely existed in oil and gas production. Therefore, our objective in this article is to explore the effect of oil-gas mixtures on the VIV dynamic responses. The two-phase flow model takes into account the velocity and physical characteristics of each phase. The parameters, including M, MU , and MU 2 , related to the two-phase flow can be expressed by
where k = 1, 2 denotes the liquid and gas phase.
To express the relationship of physical characteristics between liquid and gas, some essential parameters, including the volume of gas (V g ) and liquid (V l ) in a section of pipe, the flow velocities U g and U l , and the corresponding volume flow rates Q g and Q l are needed. Therefore, the void fraction a, the slip factor K, and the volumetric gas friction e g can be expressed as follows
An improved slip-ratio factor model in which the slip factor K was expressed as a function of a was presented by Monette and Pettigrew, 34 and the theory agreed well with the experimental results
Model validation
In order to validate our method, a long flexible riser model with L = 7.9 m was calculated to compare with the results of Meng et al.; 37 it should be mentioned that their model ignored the nonlinear terms of equation (2) and only considered single-phase fluid. Physical parameters of the flexible riser related to numerical analyses are formulated in Table 1 , it should be noted that the length of the riser is 7.9 and 38 to investigate the influence of the length of the riser on nonlinear dynamics of riser. The nonlinear partial-differential equations (1) and (2) in combination with equation (8) are solved by finite element method (FEM). 32 Initial conditions are assigned in the initial state for the flexible riser (v = _ v = w = _ w = 0), with q = 2 and ( _ q = 0) for wake variables. The flexible riser is discrete by the Hermite cubic elements, the time step Dt = 0:0005 s and element size Dz = 0:05 m are chosen to solve the coupled FSI equations by convergence validations.
The hydrodynamic force term on the right side of equation (2) is removed to estimate the eigenfrequencies of a flexible riser. The foremost three natural frequencies of a flexible pipe with L = 7.9 m are calculated by modal analyses, as illustrated in Figure 3 . It is found that there is a similar change in which the frequencies are decreased with increasing internal fluid velocities for both with and without nonlinear cases. It is also obvious that the frequency results with and without nonlinear terms are extraordinary inconformity with increasing internal fluid velocity. Furthermore, it can be inferred that the critical internal fluid velocity with nonlinear terms is much lower than that without nonlinear terms.
Parametric investigations and discussions
Frequency analysis of the flexible riser
Model analyses are performed to investigate the influence of gas fractions and flow rate of liquid on the foremost four natural frequencies of a flexible riser conveying two-phase flow for L = 7.9 m and L = 15.8 m, as illustrated in Figure 4 . Figure 4 (a) and (b) shows, respectively, the first four frequencies as functions of gas fraction for varying the length of the riser. It is found that there is linear increase in the first four frequencies with the increase in gas volume fraction for both two kinds of length, and the rates of change in natural frequency are larger with increasing mode order. Besides, it is also revealed that an increase in the length of the riser leads to the dramatical decrease in natural frequency.
Displacement responses
The next investigation only considers L = 7.9 m, and the effect of CF velocity on the displacement amplitudes of the riser for varying gas fractions and liquid flow rate is illustrated in Figure 5 (a) and (b), respectively. Inspecting the plotted curves in Figure 5(a) , it is found that there are the first lock-in regions of displacement amplitudes when the CF velocity is between 0.2 and 0.55 m/s for both e g = 0 and e g = 0:5, whereas 0.2-0.6 m/s for e g = 0:8. Moreover, there is the second lock-in region of displacement amplitudes when the CF velocity is between 0.55 and 1.0 m/s for e g = 0.
It is also noted that the gas fractions have a slight impact on the displacement amplitude. Therefore, it can be inferred that an increase in the gas fractions results in the increase in the width of the lock-in region. This can be explained that the gas fraction is inversely related to the natural frequency of the flexible pipe when the flow rate of liquid is constant. For the liquid flow rate, it is noted that the first lock-in regions of displacement amplitudes are the same for all cases of liquid flow rate due to the fact that the range of flow rate is low. It is also observed from Figure 5 (b) that an increase in the gas fraction is accompanied with the decrease in displacement amplitude, this is because an increase in liquid flow rate leads to the increase in natural frequency of the riser by modal analyses. Moreover, it is also found that the displacement amplitude is decreased with an increase in the liquid flow rate.
In order to investigate the lock-in regions shown in Figure 5 (a) for e g = 0:5, the spatial-time responses of CF displacement at different lock-in regions, namely, U o = 0.4, 0.9, and 1.0 m/s, are illustrated in Figure 6 . It is noted that the three kinds of CF velocity, respectively, correspond to the foremost three response modes of the riser. It is also observed that the response period decreased with the increase in CF velocity. Moreover, it is also revealed that standing waves dominate the displacement responses for all cases of analyses.
To judge the periodic of the riser, time traces and frequency spectra of the pipe's midpoint corresponding to Figure 6 are depicted in Figure 7 . It can be seen from Figure 7 (a) that the CF displacement responses are aperiodic although the CF velocities are within the lock-in region due to the effect of nonlinearity. In addition, it is concluded from Figure 7 (b) that an increase in CF velocity leads to the increase in response frequency of the flexible riser.
Stress responses
The effects of gas volume fraction and liquid flow rate on the bending stress can be evaluated by equation (13) . The positive and negative sign, respectively, denotes compressive and bending stresses in the CF direction
The influences of CF velocity on the displacement amplitudes of the riser for varying gas volume fractions and liquid flow rates are shown in Figure 8 (a) and (b), respectively. Inspecting Figure 8 , it is found that the law of bending stress variation is the same with that of displacement amplitude. It should be noted that two lock-in regions result in the sharp decrease in bending stress with the increase in flow rate. 
Lock-in phenomenon
To investigate the frequency of the resonance region, the first and foremost two lock-in regions influenced by CF velocity for e g = 0 are, respectively, illustrated in Figure 9 (a) and (b). It can be seen from Figure 9 (a) that the response frequency is constant within the first lockin region, namely, U o = 0.3, 0.4, and 0.5 m/s. It is also found that the response frequency of the riser rapidly changes with the increase in CF velocity. Moreover, there is multi-mode superimposition state between two lock-in regions when U o = 0:6 m=s. With respect to the two resonance regions, it is found from Figure 9 (b) that the response frequency is constant within the first lockin region and increased with increasing the order of resonance region.
Conclusion
A VIV model with a combination of both CF and AX motions of a flexible riser conveying two-phase has been established and solved by FEM to investigate the effect of gas fraction and liquid flow rate on the displacement and stress of a riser. It is noted that the geometric and hydrodynamic nonlinearities are also considered in our model. By modal analyses, it was demonstrated that the nonlinear terms of the flexible riser have an important effect on the natural frequency, moreover, an increase in gas volume fraction results in linear increase in natural frequencies and an increase in the length of the riser results in a decrease in natural frequency.
Then, nonlinear dynamic analyses were carried out to investigate the effects of gas volume fraction and liquid flow rate on the displacement amplitudes, the maximum stresses, and the lock-in region with various CF velocities. The results revealed that the gas fraction of internal fluid has a significant impact on the displacements and stresses for varying CF velocity, and an increase in the liquid flow rate results in the decrease in displacement and stress within the first resonance region. In addition, it was also found that an increase in gas volume fraction leads to a right shift in the first resonance region and a wider synchronization region. Furthermore, the time traces of the riser depicted that the dynamic responses present aperiodic. Overall, it was concluded that gas volume fraction and liquid flow rate should be paid more attention to prevent the lateral vibration of a flexible pipe conveying two-phase fluid for various CF velocities and lengths of the riser.
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